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A theory is presented for a general treatment of the molecular size distribution,

the gel

point, and the post-gelation phenomena with respect to polymerization with formations of vari-
ous kinds of interunit junctions, assuming (1) that all functional groups are equally reactive,
and (2) that no kind of intramolecular interunit junction occurs. These interunit junctions appear
concurrently in a system composed of a mixture of monomeric molecules and with a distributions

of functionalities. Two cases are treated:

(1) when the interunit junction is characterized only

by the number of functional groups involved in its formation, and (2) when the interunit junction
is characterized not only by the number of groups, but also by the magnitude of the free energy

of its formation.

The former is illustrated by the polycondensation with bi- or terfunctional inter-

unit junctions or with both. The latter is illustrated by the polycondensation between A and
B groups in a mixture of A-monomers with equireactive A groups and B-monomers with equire-
active B groups, where a B-monomer is regarded as a kind of interunit junction.

The way in which high polymeric substances
are formed from monomeric units may be classified
according to the number of functional groups
involved in the formation of an interunit junction
(hereafter we will call this the order of the interunit
junction). Each case may be referred to as poly-
merization by bi-, ter-, quadri-, ---or, in general,
multifunctional interunit junctions. The simplest
kind, polymerization by bifunctional interunit
junctions, is most familiar; almost all polycondensa-
tions so far established belong to this group. For
this group, the theory of molecular size distribution
and gel formation has been studied comprehensively
by Flory,’> Stockmayer®® and many other re-
searchers.?? The theory of gel formation with
the terfunctional interunit junction has been
developed by the present authors,® and the theory
was extended to the case of the formation of
multifunctional interunit junctions (say, j-function-
al: j=2, 3, 4,---) in the preceding paper.®

The case treated in these papers were, however,
limited to those which contain only one kind of
interunit junction. It is, therefore, the purpose
of the present paper to extend the theory to more
gentrally, to cases in which the monomeric mole-

l) P. J. Flory, “Principles of Polymer Chemistry,”
Cornell University Press, Ithaca, New York (1953),
Chapter 9.

2)  W. H. Stockmayer, J. Chem. Phys., 11, 45 (1943);
ibid., 12, 125 (1944).

) M Gordon, bid., 22 610 (1954); F. E. Harris,
ibid., 23, 1518 (1955); L. C. Case, J. Polymer Sci., 26,
333 (1950)

4) K. Fukui and T. Yamabe, J. Polymer Sci., 45,
305 (1960).

T. Yamabe and K. Fukui, This Bulletin, 37,
1061 (1964).

cules are combined with one another to form
polymeric molecules by means of various kinds of
interunit junctions appearing concurrently in the
system. The interunit junction presented here is
characterized not only by the order of the interunit
junction, but also by the magnitude of the free
energy of its formation. Therefore, two interunit
junctions with the same order but with different
free energies of formation are not regarded as
equivalent. Moreover, the present theory affords
relationships after the gel point by which to judge
success.

Flory first employed the statistical method to
find the distribution of molecular species in a
polymer system. In the present paper the distribu-
tion of various molecular species will be studied
by a mathematical method essentially similar to
that one which has been introduced into the theory
of the condensation of real gas by Mayer®? and
by others and which has been applied to the
theory of molecular size distribution and gel forma-
tion in branched chain polymers by Stockmayer,
who generalized Flory’s theory employing the same
basic assumptions. The present work makes the
same two assumptions as Flory and Stockmayer.
One is that an intraaggregate reaction yielding
two or more endo-cyclical structures (interunit
junctions) cannot occur; the other is that any
unreacted functional group is as reactive as any
other functional group, regardless of the size or
shape of the molecule to which it is attached.
Besides, it is also assumed that the functional

6) J. E. Mayer and M. G. Mayer, “Statistical
Mechanics,” Wiley, New York (1940), Chapters 13
and 14.
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groups forming an interunit junction are combined
together simultaneously. This assumption implies
that the order of their combination is not taken
into account.

The present treatment covers, to give some
simple examples of its application, cases when
the polycondensation reaction proceeds with the
formation of either bi- or trifunctional interunit
junctions, or with both, as the preceding papers,™
have already described, and cases when the poly-
condensation proceeds between the A group and

the B group.
The present treatment is distinctive in having
other successful applications. Several of the

results will be given below as examples. The mo-
lecular size distirbution and the gel point of the
polymerizations of polyfunctional vinyl compounds
or epoxy compounds can be explained reasonably
on the basis of the conception that a chain com-
posed of £ functional units is to be regarded as a
k-functional interunit junction, although some
special cases (the copolymerization of vinyl and
divinyl compounds) were treated by Flory and
Stockmayer. These authors, however, considered
a vinyl group to be two functional groups which
react independently with each other as in a poly-
condensation reaction, ignoring the fact that such
a functional group can react only as a pair; con-
sequently, they obtained the same most probable
distribution as in the case of polycondensation
reactions. Also, we expect to apply the present
theory in explaining vairous kinds of association
phenomena, the solubility of polar compounds in
nonpolar solvents, antigen-antibody interactions,
and so on. These items will be discussed in suc-
ceeding papers.

The Size Distribution and the Gel Point (I)

The first case to be considered is the simplest,
that of a system where the interunit jucntions are
characterized only by their order or, in other
words, where all of the same order of interunit
junctions have the same given energy of formation.
In this case the simplest interunit jucntion, namely,
the monofunctional interunit junction, may be
regarded as the unreacted functional group.
An extension to the general case can easily be
made, as will be shown in a later section.

Now let us consider a system composed of various
kinds of monomeric molecules, i.e., N; mono-
functional, N, bifunctional,.--, N, f-functional,---,
etc., and in which these molecules are combined to
make a mixture composed of some larger mole-
cules, with, in total, J; monofunctional, J, bi-
functional,-+-, J; k-functional,---, interunit junc-
tions. Let us represent such a system by S(IV;
J), where N and J are denoted, like vectors, as:

7) T. Yamabe and K. Fukui, Nippon Kagaku Zasshi
(J. Chem. Soc. Japan, Pure Chem. Sect.), 84, 686 (1963).
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N = (Nl! Ny, ooy N!! "')
J = (Jl! Jz, s J.i:! "')'

From these definitions, the following equation is
immediately obtained:

2Ny =2kJk . (1
7 ¥

It is convenient for subsequent calculations to
introduce several averaged quantities:

An = ?.fNﬂ’?Nf= 1f§(wf;’f) (2)
Aw = N Ny = w 3
?f f!};]f s ;f s (3)

where:
wy = fN.er:fo (4)

which represents the fraction of the functional
groups on the ffunctional monomers, and where,
therefore:

Sy = 1. 5)
Likewise, we define:
tn = SKIS e = S (0elk) ©®)
o = SWJSATe = Sk ™
P = KISk ®)

which stands for the probability that a functional
group is involved in the formation of k-functional
interunit junctions: accordingly,

%Pt =1. 9

In order to describe any polymeric molecular
species, it is necessary to specify the numbers of
monomeric constituents and the interunit junctions
of each order. Therefore, let as denote by nj
the number of f~functional monomeric constituents,
and by ji, the number of interunit junctions of
the order k, and let us represent any particular

set of these numbers, ny, 1y, ..., f5,0.. OF J1; Joseeos
Jise+s by the symbols n={n;} and j={j} re-
spectively.

When m(j ; n) is used for the number of such
a kind of polymeric molecule, M(j; n), as speci-
fied by two particular sets, {ji} and {n;}, the
following relationships are obtained:

Jxm(J s m) = Ji (10)

>nsm(j;n) = Ny (11)
where the summation 3} should cover any set
of nonnegative integers, ji, ny and m(j ; n), which
satisfy Eqs. (1), (10) and (11).

For a given particular system, S(IV ; J), we will
discuss the most probable distribution of polymeric
molecules, which corresponds to a configuration
of maximum occurrence, namely, the maximum
entropy. After the usual procedures?5% we find
the most probable distribution to be:
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m(j;n) = @EGJ"::,—:” ﬂ?&ﬂffg Nilx
f

where @(j; n) is the number of ways to construct
a single polymeric molecular species, M(j;n),
containing no endocyclic structure and is easily
found by the use of the Mayer®>—Stockmayer??
method to be:

(Sie= 1Sy =1
M5 ((k=1) )e

w(j;n) = I frr

with the following conditions:
3fny = Zkjx = Zny + 2jx — 1 (12)
7 E 7 k
where £; and 7, are Lagrangian multipliers
which can be determined from Egs. (10) and (11).
If the variables, £§; and 7, are transformed into
previous variables, w; and p;, by the equations:

SEr =wy and pf(k — 1)! = py

the most probable distribution may be rewritten
as:

m(j;n) =

St
(kEJk)(.?“I) e Jet f ong!

(13)

which satisfies the conditions of Eqgs. (10) and (11)
provided that 1=(4,—1)(¢,—1)=0, as is shown
in Appendix A.

The total number of polymeric molecules com-
posed of /! monomeric molecules ([-mer), my, is,
then:

(2 Ny)
7

m =§§=;n({j.,} ; {ns))

summed over all the sets of nonnegative values,
{J}> {ns}, subject to:
ffgnf:%(k— Djg+1=1
S = 3F — Dy + 1.
£ f
We have here to form the generating function:

flx) = ? wpul =1 (15)

(14)

where:
u = D ppx*t.
%
It then follows from the multinomial theorem that:
(S~ Dpee)
I(I-1)

and that hence, by Cauchy’s theorem:

Lr»1

my;=the coefficient of x! in

1 x(du/dx) [f(x)]*
™= Toxi § (I—1) o
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We can use the method of steepest descents in
evaluating the contour integral. Then the inte-
gration is carried out along the circle of a radius,
xg, around the point of origin, where x, is the one,
and only one, positive real root of the equation:

&(x) =f(x) — xf'(x) =0 (16)
as is shown in Appendix B.

Calculation yields the asymptotic value of the
distribution available for the mole fraction of i-
mers:

xot' (%o) Lf (x0) /%]
27 f"" (x0) [ f (x0) ]/ B

for a large [ value.

(17)

n

my

-3
Since a series of the 3] z®n~%* form converges
n=1

for z=1 if k>1 and converges for z<1 if 0<k=<1,
it is apparent that all the sums, >3m;, 3}m;, and
S3my, have a radius of convergence, x,, satisfying
an additional condition:

S (%0)

Xo

=1 (18)
and that at this value of x;, >Im; and >)Im; con-
verge, while >7/°m; diverges.

As has been stated in Stockmayer’s paper,??
such a point may be called the gel-point, which is
characterized from Eqs. (16) and (18) as:

= Qw — D(ttw— 1)
where, xy=1, as is shown in Appendix B.
Therefore, 0=<(1,—1)(#tw—1)=1 should hold
as long as the reaction does not proceed beyond
the gel point. It is also shown in Appendix B
that, in this range, x, is larger than unity. There-
fore, near the gel point, x, will be so slightly larger
than unity that we may put:
x=1+4+¢ (0<e<1). (20)
Substituting Eq. (20) into Eq. (16) and neglecting
the terms of order higher than ¢ in the expansion
in the power series of &, we obtain:
1—(Aw—1)(pw—1)
te' Qw—1)+24." (pp—1)?

(19)

(21)

I

&

where:
A = ?(f — D(f = 2w, (22)
' = %(k — 1)k — 2)py . (23)
Therefore,
L& 21—y — D@w - e
Xp

f-‘s'(zw_ l) +Rll(#w - 1)2

which indicates that this value of x; is in the range
of convergence. Using Equation (24) we can ob-
tain an explicit presentation of m; in terms of the
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measurable parameters, {w;} and {p;}, near the
gel point. Equation (24) is, however, also valid
after the gel point, as will be discussed in the next
section.

Relationships after the Gel Point

In this section, we will discuss the relationships
after the gel point.
We find in Appendix A that the weight fraction
of f~functional monomers is given as:
2 fnym(J; n);’?ﬂ\’f = wan/=w,»  (25)
Uy = u(x)
as long as the molecular size distribution is pre-
sented by Eq. (13), where x, is the lower of the
two positive real roots of the characteristic equation:

G(x) = x — f(x) = 0. (26)
Equation (26) may be rewritten in the following
reciprocal forms:

x = Dwsuf ! (26'-1)
J.

u = ?kak" . (26'-2)

It is proved in Appendix B that Eq. (26) has two
real positive roats; one is equal to 1, while in the
other xg>1 if 1> /(1) >0 or xe<1 if f'(1)>1.

Before the gel point (1> f'(1)= (4, —1) (gt —1)
=0), u;=1, since x,=1; therefore, w;P=1w,, just
for its definition, whereas, after the gel point
((Rw—=1)(rp—1)>1), ©, <1, since x=xg(<1);
therefore,

(27)

wsCO may, therefore, represent the soluble part
of the weight fraction of jf~functional monomers
after the gel point, and, hence, #; may represent
the probability that a functional group selected
at random is a part of the sol fraction. Equation
(25) also shows that the gel is liable to acquire
preferentially the larger molecules.

The sol fraction, Wy, is, therefore, given by:

Weor = ?w;’(s) = %}w,rulf(=2*]pm*)

w;>w_f0)

= xu . (28)

The weight fraction of f-functional monomers in
the sol phase is, then:
w' [ = wfcs);§wfcc) = Wiy . (29)
The gel part of the weight fraction of the f-
functional monomer, w,®, is, therefore, defined
by their difference; i. e.,
w_.«(ﬂ =Wy — w_f(*) = er{l —_ I{II} . (30)
Hence, the gel fraction, Wge=1— Wsa.
The soluble part of the weight fraction of func-
tional groups forming k-functional interunit junc-
tions after the gel point is similarly obtained as:
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Pt(’) = pras®. (31)

Therefore, x; may be considered to be the prob-
ability that an unreacted functional group selected
at random belongs to the sol fraction in a poly-
meric molecule. The two probabilities, x, and u,,
are neither equivalent to nor independent of each
other, as Eqs. (26'-1) and (26'-2) show.

The probability of forming of a k-functional in-
terunit junction in the sol phase, $,'¢, is given by:

Pkr(o = pk(‘)fwsol . (32)

Likewise, the gel part of the weight fraction of
functional groups composed of &-functional interunit
junctions, £ 9 is obtained from the difference:
2P = pi(1 — xF). (33)
Hence, the probability of a k-functional interunit
junction in the gel, p.'®, is:
PO = pOIW, . (34)

The molecular size distribution of the sol phase-
after the gel point is also presented by Eq. (13),
which should, however, be rewritten with para-
meters of the sol phase as follows:

gt (o)t
Csoldf § « = .
s 1) = BN (2n)
« Hﬂﬂ w,' . (Wsol)_zf'.fnf (35)

ko Jktop o ong!
which shows that m(G°D(j; m) is proportional to-
(Wsm)lﬂf".r. This again is a consequence of the
preferential acquisition of larger molecules by the:
gel. _

A few special, but fundamental, cases of these:
representations were discussed first by Flory!> and
subsequently by Charlesby®> with regard to the
problem of gel formation by the radiation of
R-ray to linear polymers. Recently Gordon® has
investigated the situation more generally, includ-
ing the cases mentioned above, with another
method, i.e., with the help of the cascade or
branching theory of stochastic processes; his method
is, however, very closely related to our treatment.
In fact, we can obtain Wy, from Eq. (11) of
Gordon’s paper by the substitution of f(x) into
Gordon’s Fi(x). The other results in this section
have not been, however, obtained by Gordon.

Average Numbers

‘After the evaluation of the necessary sums found
in Appendix A, various kinds of averaged quantities,
which will appear in practical problems, were
obtained:

8) A. Charlesby, Proc. Roy. Soc., A222, 542 (1954)..
9) M. Gordon, ibid., A268, 240 (1962).
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E@fﬂ:)m(f; n)
Parr> = TG )
=1—11, (36)
T !
. _ E()f::fﬂf)gmti ;n)
Pfrr>s = S ms )
=141-1——. (37)
2o e !
The p<sny> and P<gmy>: quantities are the

number and the weight-average molecular size
before the gel point respectively. Considering
the Schwarz inequality,

Aw _ ﬂ)( )>
i =37z
and the consequent relations 4,=1, and p,=
#n, We get:

D<suy>r = P<suy> -
From Eq. (37), the gel point may also be charac-
terized by the fact that p<sm,>: tends to be
infinite, as has been pointed out by Stockmayer.
Similarly, we obtain the number and the weight-
average degree of polymerization as follows:

E Imy _ Ha

5‘(”!}(551) = Em; - ,un+2,,—2,,,a,, (38)
IE
Peng>i(=pu) = _g g:

Aa(ptw—1)
=14 /2 39
* 2wt tw—Awlte (39)
The relationships of the above quantities in the sol
phase after the gel point are simiarly obtained as
follows:

1

sol
ﬁ&fﬁp = 1 1 (40)
—+— —
PO
(o) 1 (41)
5<ﬁu>’ | 1
PR PO !
7 Csol) — L
‘-mCsol) = .uﬂ(‘)-F-in(’)'—Rn(s)#n“) (‘1’2)
] A (po—1)
Drasod = oot g opae T 1 (43)
where:
2,50 = 1/S2(w' DL f), 2 = 3] fw,"

1 = S0 PIR)s 1o = Shp'®.

These equations will be employed for practical
problems in succeeding papers.
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Size Distribution (II)

In this section we will discuss briefly the case in
which the interunit junctions are characterized
not only by their order, but also by the energy of
their formation.

Let us refer to J.Gx) as the number of interunit
junctions, of which the order is £ and the energy
is specified as the i;th different value, and j,(%) as
the number of such interunit junctions in one poly-
meric molecule. Then, the probability, p,(%), at
which a functional group is involved in the for-
mation of the interunit junction described above
may be written as:

e = %&% (45)
where:
Jr = %J’x“k) (46)
and, therefore, p = 3300, (47)
ik

With (%) defined as above, the most probable
distribution may similarly be obtained as;

(?jx)l (?“I)!
@) —
mITm = G s )
ix)
Pt(":)k wye's
Xk{i P 7Y (48)
where:
Je = ij(i*) . (49)
ik

Since, from the definition by Eq. (47), the pn, fty
and g, symbols can be used with the same
meanings as the definitions by Egs. (6), (7) and
(23), any of results presented by g and 4 in
previous sections are also valid in this case.

The distribution presented here is very useful in
solving practical problems.

Applications to Polycondensation

Condensation of a Distribution of Func-

tionalities with a Bifunctional Interunit
Junctions. First let us take a sample calcula-

tion from the field of the most familiar and well
known condensation between monomers or the
cross-linking of primary chains with a distribution
of functionalities, where a reacted site corresponds
to a bifunctional interunit junction and an un-
reacted site, to a monofunctional one.

When we denote the probabilities of forming
these interunit junctions as p,=a and p,=1—a
respectively, the molecular size distribution is
easily reduced from Eq. (13) to:
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o (S(f—Day)!

wens
Xa?"f‘] (l—a)?(f—l)"f'l'z H! ]

ny

(50)

where, from Eq. (12):

Ji= ?(f— Dy +2, Jo=3ny — 1.
The weight-average molecular size is, from Eq.
(37):

= __(+a)dy
P> = au—1)

(1)

since fty,=14a in Eq. (37). Equations (50) and
(51) are completely consistent with Stockmayer’s
results.?)

Post-gelation relationships are expressed below
with the lower real positive root, %, of the charac-
teristic equation, Eq. (26'-1), where u is reduced
to:

u=1—a+4 ax (51)
The sol fraction, Wy, is, from Eq. (28):
Wsor = xity = x1(1 — @ + axy) (52)
and is also:
= 2w = Swu’ (53)
f I
since w;<® is given by:
D = weu”. (54)

Hence, w;/ represents the probability that an f-
functional monomer selected at random is a part
of the sol fraction. The fraction of reacted func-
tional groups (or the cross-linking density) in the
sol and that of unreacted are, from Egs. (31) and
(32) respectively:
Pz'(") = ax?[Wsa (55)
and
.Plxcs} = (l - a)xlfwsol . [56)

Similarly, these fractions in the gel are, respec-
tively:
£’ @ = a(l — xlzj,‘rwgel (37)
and:
2O = (1 = a)(l — x;)[Wear. (58)

These results (Eqs. (26'-1), (51)—(58)) are consist-
ent with Flory’s!? derivation, although that was
derived with quite a different method, i.e., with
a help of the probability theory. Gordon® had
also derived the same results as Flory’s (and hence
ours) by yet another method, i. e., by an adaption
of Good’s stochastic theory of branching processes,
where a generating function corresponding to Eq.
(26) was used in quite a general form; he obtained
an exact sol fraction equation for the vulcaniza-
tion of chains obeying the Flory distribution.

When the a is small (and the functionality, f, is,
therefore, great), Flory showed that x; and #;, may
be approximated as x; =Wy, and u;=1—a(l—
Wio1) respectively; hence, from Eq. (53):
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Wear = ?w;[l —a(l — W)l (54")
Eq. (54') may be further approximated as:
Waan= St0ge=e7 (1o (59)
or:
_ 2(Apa—1)
=1 -—et ) (60)

where 23=§}f2wj. For the self-condensation of

JS~functional monomers, or for the vulcanization
of long chains of equal length (w,=1), Eq.
(59) leads to a formula quoted by Flory? and
Charlesby®. Furthermore, for the vulcanization
of chains obeying the Flory distribution, w;=
S(1—p)2-p7-1, where p is the fractional conversion
of the functionalities used in the precondensation
of the chains or the probability that a chain had
propagated.

_ 1 _ o (=p[(1+pa—(1—p)]

e = 1= 2 i )
since A,=(14p)/(1—p) and 2A,=(1+4p+p?)/
(1—p)? in this case.

When we denote the fraction of reacted functional
groups in the sol as p,'®>=a'(and hence p,"®=
l1—a), simple algebra gives these other expressions
of the same results:

a'(l—a)

(61)

"= all—a) ©2
—1
u = I“ﬁa, (63)
l—a
w;C*) = w'f(—l_a, ) (64)
_a(l-a)® l—a \/
Wsol = a(l-—a')é = fwf( —a' ) (65)
, a+ F_2 T
Py = l‘i mf‘“ (66)
1— l—a'
5O = (_i)_(_* a') (67)
—aa
2
(sol —_
P{nf-)z;} - 2_‘1:2“(3) (68)
oy . (1+a)2,
péj’n;b‘?— l_aw(s)_,l)ar (59)

where 2,02 and 4,¢> are the number and the
weight-average values of the functionality in the
sol fraction defined by Egs. (44). Equation (65)
may be employed to obtain a' at a given a. For
the self-condensation of jf-functional monomers

(wr=1),
l—a V' a'(l—a)?
= ) = =
Wea = ( l—a' ) a(l—a')? ’

Good!® has given a more detailed discussion of

(70)

10) I. J. Good, Prec. Roy. Soc., A272, 54 (1963).
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this case, especially for the case when f=4.
For the condensation of the bifunctional with f-
functional monomers, Eq. (64) can be reduced to:

l—a \?
wz(a) = w,(_l..-__a'—)

1— I
wf(s) == wf(—l—:* )

where w,+w;=1, and where, if the proportion
of f-functional monomers is small (w;<1):

l—a \2
Wear = w,® = ( “T)
l—a

(71)

Egs. (70) and (71) are nothing but the results
derived by Flory.?

Here we may point out that Eqgs. (62) and (63)
were also derived by Case!® in his discussion of the
branching in polymers formed from the self-con-
densation of f~functional monomers, where u; was
interpreted to be the fraction of chains leading
to a finite assembly of chains, and that Eq. (66)
was first proposed by Stockmayer,” who said,
however, that Eq. (66) was not physically rigorous.

Condensation of a Distribution of Func-
tionalities with a Terfunctional Interunit
Junction. Another example will be given, that
of a terfunctional interunit junction which is formed,
for instance, by the following reactions:

| o= | 13
B N
6 b O\é \Cf‘o
-B(OH); = | | -NCO — |
B B JN Ny
SO N old
I
o
1 14 15)
/C\ /0\
N N “CH CH"
-CN -] | -CHO - | |
C C O O
AN N I{I

When we denote the fraction of reacted func-
tional groups, i. e., the probability of forming of a
terfunctional interunit junction, as p;=a (hence
pr=1—a), the molecular size distribution is re-
duced as well to:

m({j1> Js} ; {ns}) =
(?(f—l)ﬁf)1(§ﬂf“1}!

(?f”f —Js) ' Js!

(ZSNy)
7

11) L. C. Case, J, Polymer Sci., 45, 397 (1960).

12) O. C. Musgrave, Chem. & Ind., 1957, 1151.

13) T. Yamabe and K. Fukui, Nippon Kagaku Zasshi
(J. Chem. Soc. Japan, Pure Chem. Sect.), 84, 690 (1963).

14) M. S. Smolin and L. Rapoport, “The Chemistry
of Heterocyclic Compounds, s-Triazines and Deriva-
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X ah(1—a)F=in Il Y (72)

where 2j3=§]ﬂ_r— 1, j:=§}f"f_j3-

The number and weight-average molecular sizes
are, from Eqs. (36) and (37) respectively:
= _ 325
D<frr> =3 902,
(142a)iy
1-2a(2,—1)
since pp,—3/(3—2a) and p,=1+2a in Eqgs. (36)
and (37). The gel point may be characterized as:
20(Aypy — 1) =1. (74)

Egs. (72), (73), and (74) are consistent with the
results of our previous papers.®

Similarly, we can obtain post-gelation relation-
ships with the lower positive real root, x;, of the
characteristic equation, here written as:

5{1‘“!}2 =

x=Swal"l, u=l-a4 axt. (75)
f
The sol fraction, Wy, is, from Eq. (28):
Weor = #1(1 — a + ax?) = ?w;ul-’ . (76)

The fraction, p;'®, of reacted functional groups
in the sol phase is:

£’ = ax [ Wior - (77)

When the functionality, f, is large, x; and u

may be approximated, respectively, as x=W;a

and u;=1—a(l— W% as before; consequently,

from Eq. (76):
Wi = Zflw:[l —a(l = Wea)l7-  (78)

Similarly, this may be further approximated as:

= wag—cf(l—wum’) (79)
f
or:
2 ad,—1

~ _——_— 80
=\ - ©0)

or to a further approximation:

2ad,—1

~1 . =W - 1
wacl =1 2a2(2w+2z) (8 )

When we denote p;'¢®>=a', we can obtain other
expressions of the same results, namely:

X = 1/ % (82)
e ®
w0, = w,(%)f (84)
Wear = / = Il_‘j,)T (85)
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32,
o) . OAnT
ﬁ(fn;) - 3—2“'2,1(8) (86)
(sol (14222,
B> = T @ Ry®—1) ®87)

It is impossible, however, for us to obtain the root
in a simple explicit form except in a special case,
i. e., f=2, where:

l—a

(88)

Xy = Uy =
1 1 p
since, from Eq. (75), a'=1—a. With this root,
we can rewrite, for example, the sol fraction as:

l—a\2
Wgol=( aa).

Condensation of Bifunctional Monomers
(f=2) with the Formation of both Bi- and Ter-
functional Interunit Junctions. As a charac-
teristic example of the present theory, we will
treat the case in which the polycondensation of
bifunctional monomers proceeds with the formation
of both bi- and terfunctional interunit junctions,
as, for example, in the polymerization of isocyanate
compounds,!3:16 where a bifunctional interunit
junction corresponds to an uretidinedione group,

o]

(89)

C . . . .
_pf N-, and a terfunctional junction, to a iso-
N o
1l

~ +0
, N—C
cyanuric ring, O=C N-
\N—C~
/80
. 20
(N-C
O=C N-Z-
“N-C7
g %0
o o, 7
C\ /C_N\
OCN-Z-NCO —» -N N-Z-N C=0
Nold ~C-N~
il (e)4 .
VA
o ~ -0
(N-Cy
0=C N-Z-
SN-C7
# “0

Here we will try to obtain the post-gelation re-
lationships because we have already reported about
the pre-gelation period.” In this case, the root,
x;, of the characteristic equation:

x(=u) = p1 + pox + psx? (90)
is obtained as:
x(=w) = p/ps (91)

16) T. Yamabe, A. Nagasawa, H. Kitano and K.
Fukui, Kogyo Kagaku Zasshi (J. Chem. Soc. Japan, Ind.
Chem. Sect.), 66, 821 (1963).
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where p,+p.+p;=1 and p;>p, after the gel point.
Then, the sol fraction, Wyo, is:

Wior = (p1/p3)? (92)

Likewise, the other quantities after the gel point
are given as follows:

5'® = p3; 22" = po; 53" = py;
'@ =p[(1 + p1); 5'DP = po;

5"D = (pi2 + pips + p22)/ (b1 + b3)
PED. =6/(3ps — p1);

5(.(’?,_‘,,)>; = 2(2+p1—p3)[(ps—11)-

It is noticeable that the probability of forming a
bifunctional interunit junction possesses the same
value in both the sol and gel phases after the gel
point.

Polycondensation between A and B Func-
tional Groups. Let us treat here the case of
polycondensation between A and B groups in a
mixture of N1 mono-, N4 di-,..., N4 f~functional
A monomers with all equireactive A groups, and
N;® mono-, N,B di-,..., N,B: g-functional B mono-
mers with all equireactive B groups, where poly-
mers with structures such as the one shown in Fig.
1 will be formed:

(93)

I,
rd B
AB-BA--[-AB-{ B I,
1
|
o A
A—‘—‘VAB—BA-‘— -AB—<(B| 1,
IL® I A
A
B -BA—-H—AB—B‘
L® Lo
Fig. 1. Randomly-branched molecules formed

from A-A, B-B and B-(g monomers.

The polymers formed in this way can be con-
sidered to be constructed from A monomers in
conjunction with B monomers; therefore, such an
assembly of B monomers may, in the sense of the
present theory, be regarded as a kind of interunit
junction which should be distinguished not only by
the order of the interunit junction, but also by the
functionality of the B monomer. This case, there-
fore, corresponds to one of examples of the part
II in the present paper.

When we represent the unreacted A group
by I;(0) and the g-functional B monomer, the &
of which have reacted with A groups (g=k=1),
by I.(g), the probabilities of forming of these
interunit junctions may readily be given as:

p(0)=1—p
5P = py_1Ce—1gt (1 — )9 Favg.

(94)
(95)
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Hence, from Eq. (47):
e = 3 p® (96)
gzkzl

where p is the fraction of reacted A groups and g is
that of B groups, and

W, = I NIA w, — gN,' .
7T SfNA ¢ NP
I g

In order to check our calculations, let us now
obtain the relation at the gel point. In the
present case u(x) is:

u(x) ==I§3pmx*‘=
=1-p +P:£wu(1 — g+ gx)t. (97)

Hence:
u'(l) = P?%(g — Duwg. (98)

From Eq. (19) the relation at the gel point is found
to be:
L= (2, = I)(pw — 1) = (A2 — 1)u'(1)
= p0(2u? — D)2 — 1) (99)
where:
209 = gy,
[

which agrees with the results of Stockmayer’s cal-
culations.1”?

Moreover, we can obtain post-gelation rela-
tionships using the solution, x;, of the characteristic
equation:

2P = S fu,
S

x= w1, (100)
S
The soluble parts of the weight fractions of f-
functional A monomers and g-functional B mono-
mers are given easily by:

) = wu, S (101)
10, = w9 (102)

where:
x'=1—gq+ gx. (103)

For a simple case of A-A 4+ B-B + B—(g, Eq.
(100) can easily be solved, obtaining the results:

1—a(2—
== -—%—‘i)n (104)
1—
%' = a" (105)
where:
_ _ bquws
= (106)

which is the so-called expected number of branch-
ing, a term first introduced by Flory.

17)  W. H. Stockmayer, J. Polymer Sci., 9, 69 (1952).
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With these results, the weight fraction of A
monomers in the sol phase, W, 4, is:

Wiod = [-!:a_(z____q)_.]z

and the weight fractions of B monomers in the
sol phase, w,B¢> and w,B(, are given, respectively,
by:

(107)

2
w, B = sz( l—a )

- (108)

and

(109)

l—a®
w,BE = w33( . —) .

Wea® is, accordingly, the weight fraction of B
monomers in the sol phase:

Weor® = w,BC + 03B

L )

Further discussions will be undertaken elsewhere.

Polycondensation between A-A and C—(g
Monomers. As the last sample calculation, let
us treat the case of polycondensation between

A-A (or A;) and G}
where the AB and AC reactions are possible.
The glycerol/adipic acid system may be used as
practical example.

Here, the interunit junctions to be considered
and their probabilities may be given as follows:

Probabilities

(110)

(or B,C) monomers,

Interunit junctions

-A = L® p®= 1—p
AR\ B = L® p®=2(1-g)1-nf
|
C
-AC\/B = L© p©= (l—gRB
|
B
-AB\/BA~ = LB pBd =  2¢%1—r)B
|
C
_AB\/CA_ = ILBO pBO = 4¢r(l—¢)B
|
B
—AB\ BA- = I(B:0) py(B:CY = 3g2rB
G
A
I

where p, ¢, and r are the fractions of reacted A,
B, and C groups respectively, and where f=2p/
(2¢+7) or, from stoichiometrie considerations, where
B=M]|N, where N and M are the total numbers
of A; and B,C monomers respectively.

The molecular size distribution is given from
Eq. (48) as:
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(I — p)na—ﬂ3+l

(B,C)

X

where J,<9, j®,...

JiCB! JCOO1 j,(BO! j,(BD1 j(ByO)|

(111)

are the numbers of each interunit junction in a polymeric molecule, while

ny and ng are those of A; and B,C monomers respectively, and where, from Egs. (14) and (49):

JP =ny —npg + 1,

W+ =ng —ny +Js + 1 =7
B + B0 =n, — 2j5 — 1 = j,

JoBaO = j .

(112)

Therefore, the fraction of a polymeric molecule composed of 7, A, monomers and ng B,C monomers

is:

m(ny, np) =

(ma—1)! (1= p)"a=rs+1(r+2q—3gr) 1 2[q -+ 2r—3gr]) J»(3¢2r) - s 13
(na—np+1)! ji! ja! Jja!
To represent the sol fraction after the gel point, - the coefficient of xI-#
mi'® = kJk X [in the expansion of [ f(x)]‘].

we must find the solution, x;, of the characteristic
equation, which is here written as:
x=u=1—p+ B{2q(1 —q)(1 — 1) +
r(1 = @)% + [2¢(1 = 1) + 4gr(1 — Ol +

3g%rx?} (114)
or:
do(x)
=1 114!
x=1—p+ B ax (114)
where v=(1—g+¢x)*(1—r+rx), giving:
x = 2q + r + pg(3rq — 2q — 47)[3pg*r  (115)

‘With this root, the sol fractions of these monomers
are found to be, respectively:

Wia(Az) = x,* (116)
and
Wia1(B:C) = v(x1)
= (I—qgx)(1—r+m) 117)

These equations are in agreement with Gordon’s
derivations® via other methods.

Appendix A

First let us consider the sum:

S8 = S ja(Snm( s m) =Zm (A
where:
my'Cky = E J'k Eﬂf)m(.ls n) (A-2)

fn"_
Ek=Dj=i-1

The summation covers all the terms subject to the

conditions:
Sy = g(k =i +1=1 (A-3)
< ;

By applying the generating function, f(x), we obtain:

Hence, from Cauchy’s therorem:
k !

KTk LA
2ri xl-k+1

where the path of integration must be a circle enclosing

the point of origin. Now let us define the following
function, Hy*(z), as:

(A-4)

Hy(z) = E my'Ckozl (A-5)

where my'®(=0), which makes no contribution to

Hy®(z), is added for the sake of convienience.
Substituting (A-4) into (A-5), we obtain:

Hihz) = %:20 s L S1x) ,ﬂ dr  (A6)

For small enough absolute values of z, it follows
that the inequality holds on the path of integration.

£ ) <

The summation in (A-6) can, then, be performed
before integration; we thus get:

k_h xk
H®() = 5 56_"—_,:—,3 o (A7)
_'__- kJrx, '
I—zf'(x") (A9)
namely:
HB(z) = kJpx 'k

1=~ Dy 7= k= D *)

where x,' is defined as the minimum real positive
root of the characteristic equation:

X
J(x)
for a given real positive z, if we choose the path of
integration in such a way that it encloses x,' as the only
singularity, which is possible with sufficiently small
values of |z]|.

Although (A-8) is derived for small values of z, it is

2= (A-9)
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valid in general through the procedure of analytic
continuation. The sum, (A-1), is nothing but (A-5)
for z=1; accordingly, x,' is the lower real positive root,
x; of the characteristic equation:

Gx) =x—flx) =0 (A-9")
As will be shown in Appendix B, x; is equal to unity
provided that 1=(1,—1)(gw—1)=0 whereas it is less
than unity, varying the change of g, and 1, pro-
vided that (2, —1)(gw—1)>1. Therefore, from (A-8),
we obtain:

kJ.kxlk

88 = H(1) = T/ (A-1)
Here let us introduce a function defined as:
Hh(z) = é %"” 2 (A-10)
which is connected to H,(¥3(z) by:
Hh(g) = j; ‘Huc*n{z')‘ii (A-11)

Using the foIlowing relation obtained from (A-9):
dz

=T -2 f ) (a-12)
we obtain:
HOOE) = ks [ shide = Jonh (A-19)
0
which, from the definition (A-10), leads to:
i =3 jym(Js m) = Hi®(z=1) = i} (A-14)

By replacing w by p in the generating function, f(x),
we can easily obtain:

i . SNsu,f
() = . R St S .
S<P = S (Sinm(sm) = s (A1)
and, likewise:
8§ =3nm(j; n) = Neuyf (A-16)

Egs. (A-11) and (A-15) show that Egs. (10) and (11)
hold before the gel point, since, then, xj=u;=1.
Furthermore, from Egs. (A-1'), (A-14), (A-15) and

(A-16):
2(§jk3m(j; n) = Zkl.h’xa* (A-17)
2(;“{)’“(.?.5 n) = E‘;NI"I (A-18)
kﬁj,,xlk

E(EU&)(Z‘.“!)?H(J, n) = 1 T (A-19)
EffEN/m

E(ijﬂf)(glk)m(.i; n) = T (A-20)

Using these results, several useful equations may be
obtained:

>m(j; n) = E(A?ﬂf + %:J'k - Effn;)m(.i; n)
= Ek]Jm* + ?N;ulf - (‘?ﬂ\’f)xm

(A-21)
Efoﬂl

= (?fo)(glwfuxf )

2 frym(Js m) =
(A-22)
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2(§fnf)2m(j im) =

Ekp»x1*+sz;ul
~=f' (xn)

(Eﬂ\’;)( - xm) (A-23)

(‘z?.“‘nf)zm(.i; n) =

(;(Hm:.* oy f)
G\ ey YF ) A

S juym(d; m) =

(= NwsuS

(ngf)( L

_ bk .t) .
1—f'(x)) I (A

Appendix B
Let us hope consider the functions defined by Egs..

(16) and (26), i.e.,
&(x) =f(x) — xf'(x) and G(x) = x — f(x)

and its derivative,
G'x)=1—f"(x)

Here, from the nature of G''(x) and g'(x), G'(x) and
g(x) are known to be monotonously decreasing func-
tions, with the boundary conditions of g(0) >0, G(0) <0,
G'(0)>0, and G(1)=0, because f(x) as defined by
Eq. (15) is a monotonously increasing positive function
with f(1)=1; accordingly, f'(x) and f''(x) are also-

&(x)

Fig. A-l. g(x) = f(x) — xf'(x).

1<f

G(x) = x — f(x).

1>£(1)

G(x)

\\

Fig. A-2.
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G'(x)

Fig. A-3. G'(x) = 1 — f'(x)

monotonously increasing positive functions for x=0.

Therefore, there exists one, and only one, positive
real root, x; and x¢', for each of the equations, g(x)=
0 and G'(x)=0 respectively, while there exist two
positive real roots of the equation, G(x)=0, one of
which is unity from G(1)=0, while the other is de-
noted by x¢.
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Moreover, it is found that if 1>f'(1), i. e, if 1>
(Aw—1)(pw—1), both x; and x¢' are larger than unity
and x¢ is larger than the x,' derived from Rolle’s theory,
and that G(x)>0 is in the l<x<xg range, so that
g(x¢")=f(x¢')—x¢'=—G(x')<0, which shows x,<
xg'. The discussion above indicates that 1<x;<xg'<
x¢ and, hence, that:

S g S
Xy Xp

satisfying the condition of convergence of the series.
On the other hand, if (1,—1)(ggw—1)>1, these are
in an inverse relationship, namely, 0<xg<xg'<x,<l.
It is only when x,=xg' =x¢ =1 that the 1=
(Aw—1)(pw—1) relation holds.

Moreover, we can prove by Rouche’s theorem that
G(x) has exactly one root in the interior of C, even if x
is a complex variable, where C is a circle of a given
radius, y, between 1 and xg, with its center at the
point of origin.

The circumstances are visualized by Figs. (A-1),
(A-2), and (A-3).




